The application of geometry to physics has provided us with new insightful information about many physical theories such as classical mechanics, general relativity, and quantum geometry (quantum gravity). The geometry also plays an important role in foundations of quantum mechanics and quantum information. In this work we discuss a geometric framework for mixed quantum states represented by density matrices, where the quantum phase space of density matrices is equipped with a symplectic structure, an almost complex structure, and a compatible Riemannian metric. This compatible triple allow us to investigate arbitrary quantum systems. We will also discuss some applications of the geometric framework.
Introduction
Geometry effects real physical systems in all scales. One could argue that the world has a well defined and rich geometrical structure. In general relativity the geometrical structures of physical systems are in one-to-one correspondence with the energy content of our universe. There is also hope that some day we are able to construct a quantum geometrical theory as a generalization of general relativity in order to unify it with quantum mechanics. However the standard formulation of quantum mechanics is algebraic. Thus a geometric formulation of general quantum mechanics is very important step toward a full description of our world as a quantum world. During recent decades we have witnessed emergent of a geometric formulation of quantum mechanics for pure states [1, 2, 3, 4] . However a geometric formulation of general quantum mechanics is still lacking. Recently we have also introduced a geometric framework for mixed quantum states based on principal fiber bundle that turn out very feasible and provides us with many results on foundations and applications of quantum mechanics [5, 6, 7, 8, 9, 10] . We were also able to find yet another geometric formulation of quantum mechanics based on Kähler structure [11] . In this contribution we will give a short introduction to geometric formulation of quantum mechanics. In particular, in section 2 we review the geometry of quantum phase space of a pure state. In section 3 we will give a formal definition of quantum phase space of mixed quantum states. Finally in section 4 we will in details discuss the the geometrical structures of quantum phase space.
2 Quantum phase space of pure states A pure quantum state is defined on a complex projective space equipped with Fubini-Study metric such space usually called the quantum phase space of pure states. The quantum phase space is a symplectic manifold which is equipped also with a symplectic structure and an almost complex structures. Thus the quantum phase space is a Kähler manifold. Let H be a Hilbert space. Then the set of states on H is defined by
However, the quantum states are defined on a projective Hilbert space P(H) = S(H)/ ∼, where ∼ is an equivalent relation, that is quantum states are equivalent module a phase factor. P(H) is called the quantum phase space and it is the space of one dimensional projectors in H. Note also that is also equivalent to the following U (1) fiber bundle construction
If the Hilbert space is a finite dimensional Euclidean space H = C n+1 , then the quantum phase space P(H) = CP n is the complex projective space which is a Kähler manifold equipped with a canonical metric called Fubini-Study metric. In this case the fiber bundle is the general Hopf fibration
The geometry of P(H) has been explored in many papers and books. But the geometry of mixed quantum states represented by density operator is still unexplored. In the following section we will introduce the reader with a geometric framework that characterize mixed quantum states in simple effective way.
Quantum phase space of mixed states
We will introduce a framework for density matrices based on idea of the co-adjoint orbit of a unitary matrix. Let
be the spectrum of a density matrix where ν 1 < ν 2 < . . . < ν l are the distinct eigenvalues of σ i with multiplicity m i . Then we define the space of density matrix by
which is an orbit of U (n) action by conjugation and we assume that Tr(ρ) = 1. Thus the stabilizer of the elements of D(σ) are conjugate to
Thus the quantum phase space of density matrices D(σ) is a manifold that is diffeomorphic to the homogeneous space
Next we argue that the quantum phase space D(σ) is actually a flag manifold. To see that let the sequence K 1 , K 2 , . . . , K l be associated to the eigenspaces of D(σ), where dim K i = m i and
which shows that D(σ) is a flag manifold. Next we give some examples to visualize the structures of the quantum phase space. The outermost orbits are given by the eigenvalues with multiplicity one. In this case the stabilizer is the equivalent to the torus T n = S 1 × S 1 × · · · × S 1 . We can also identify K i as a line and the quantum phase space become a complete flags, that is
The simplest non-trivial orbits are obtained when l = 2 and the quantum phase space is identified with the grassmann manifold
. Note that the trivial case, namely when ν 1 = 1 with multiplicity m 1 = 1 we get the quantum phase space of a pure state that we have discussed in previous section.
Geometrical structures of quantum phase space
In this section we will introduce the geometrical structures of our quantum phase space including symplectic form, an almost complex structure and Riemannian metric.
Symplectic structures of quantum phase space
First we equip the quantum phase space with a well defined symplectic structure. Let u(n) be the Lie algebra of U (n). Then the map (X, Y ) → Tr(X † Y ) defines a R-linear form on u(n) which is also invariant under conjugation and we can identify u(n) with its dual vector space u * (n). Thus we can describe our quantum phase space as coadjoint orbits of u(n) which also posses a symplectic structure. Now, for any density matrix ρ in D(σ) we define a bilinear skew-symmetric form ω on the Lie algebra u(n) as follows
Suppose σ ∈ u * (n) and D(σ) be the coadjoint orbit through σ. Then D(σ) carries a symplectic structure ω(X, Y ) defined by equation 4.1.1.
Almost complex structure of quantum phase space
We have shown that the quantum phase space D(σ) is a flag manifold. In this section we will show that D(σ) is a almost complex manifold by defining an unique almost complex structure on it. Let m be a complex vector space. Then we write the Lie algebra as
where g is a Lie subalgebra of u(n) but m in not. Thus we can decompose a matrix in an orbit as
where 1 m i are identity matrices of multiplicity m i and A 1 ∈ u(m i ) and X i,j are complex matrices for all i < j ≤ l. The complex structure on m is only depends on the complex structure of spaces of X i,j . Thus we conclude that if
where 0 m i are zero matrices of multiplicity m i , then the almost complex structure J : m −→ m on m is given by
The complex vector space m can be considered as the tangent space to the homogeneous space U (n)/U (m 1 ) × U (m 2 ) × · · · × U (m l ) at the point image of I ∈ U (n), which is diffeomorphic to the quantum phase space, that is
and it is equip with a complex structure. Now, let σ as defined by equation (3.0.4) be a block diagonal matrix in the orbit of D(σ) such that ν 1 < ν 2 < . . . < ν l . Then any element in T D(σ) can be written in a unique way as [X, σ] for any X ∈ m.
Kähler structure
In this section we define a specific Kähler form and derive an explicit expression for Hermitian inner product on the quantum phase space D(σ). Moreover, we apply the geometric framework to derive a uncertainty relation for mixed quantum states. The Kähler form on D(σ) is defined by
Note that if A is the expectation value function of a Hermitian operatorÂ, that is A(ρ) = Tr(ρÂ), and X A is the Hamiltonian vector field associated with A, which is implicitly defined by the identity dA(X) = ω(X A , X), then
Now, (ω, J) is a Kähler structure, and we define h to be the associated Hermitian inner product,
Next we will derive an expression for h(X A (ρ), X B (ρ)) whereÂ andB are observables which are off-diagonal at ρ:
Our geometric framework can be used to derive an uncertainty relation for mixed quantum states [12] . LetÂ andB be observables on H, and consider the uncertainty function ∆X(ρ) = Tr(ρŜ 2 ) − Tr(ρŜ) 2 , whereŜ can be eitherÂ orB . Then we have
First we estimate ∆A(ρ) 2 as follow where in the last step we have used the Schwarz inequality. Our geometric uncertainty relation are related to Robertson-Schrödinger uncertainty relation [13] .
Conclusion
In this paper we have investigated the geometrical structure of quantum phase space of mixed quantum states based on a Kähler structure. We have in details discussed a symplectic form, a Riemannian metric, and an almost complex structure on the quantum phase space. Finally we have derived a geometric uncertainty relation for quantum assembles. We also believe that our insightful result on quantum phase space of mixed quantum states can be applied to the quantum mechanical systems with many applications in the fields of quantum dynamics, quantum information, and quantum computing.
